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Abstract
We present a numerical analysis to simulate the response of a spherical resonant gravitational
wave detector and to compute its sensitivity. We compute both the sensitivity of each different
transducers and the sensitivity obtain from a coherent analysis of the whole set of transducers. We
use our model to work out the transfer function and the strain sensitivity for different designs of
spherical detectors. In particular we present the case of 1 meter radius bulk and hollow spheres

equipped with transducer in TIGA configuration.



I. INTRODUCTION

Direct detection of gravitational waves (GW) is still an unachieved goal. The sensitivity
improvement of single detectors [}, to achieve the first detection, goes in parallel with the
set-up of detector networks to perform real GW astronomy [2]. To that purpose, future GW
detectors should be able to track GW arrival directions. Due to their symmetry, spherical
resonant detectors are natural GW ‘telescope’ candidates. Moreover, such detectors are
based on the same technology as resonant bars and can benefit of the decades of experience
gain by the GW community with this kind of experimental setup.

The main limitation when dealing with resonant detectors, is the small bandwidth com-
pared with laser interferometers [3].

Great progress have been made using the tuning of the electrical mode M] which allows to
enlarge the bandwidth from few Hz to the order of 100 Hz around the resonance frequency.
A possible way to further enlarge the bandwidth consists of monitoring other resonance
frequencies of the antenna. In the case of a cylindrical detector this strategy is not convenient
since the coupling of the n-th longitudinal mode fall of as (2n + 1)~2. However for a sphere
the next mode quintuplet is tightly coupled to GW. Monitoring these modes is possible
using many transducers, tuned at different frequencies. One can also use double transducers
able to amplify two frequencies []. We have to stress that both issues are experimental
challenges.

Another technical problem resides in the fact that big cryogenic resonant spheres with
high quality factor are difficult to build and to cool. One can partially bypass this problem
using hollow spheres.

In order to compare different GW detectors it is important to be able to compute the
strain sensitivities. This is the goal of this paper: we compute the noise spectrum and
the sensitivity of each transducer placed on the sphere, taking into account all the internal
noise sources. We treat each transducer output separately even if in the case of TIGA
configuration B] it is possible to (linearly) combine these signals in order to obtain the
mode channels. Our analysis can be compared with existent sensitivity computation [1] but
we stress the fact that each transducer is affected by all the noises (mechanical, electrical
and SQUID noises) from all the transducers. Therefor we build a matrix model including

all the noises (except SQUID current noises which do not back-react on the sphere.)



The rest of the paper is organized as follows. After describing in section [l the dynamics
of the different parts of a spherical GW detector,we present in section [Il the noise sources
of the detector. In section [V compute the detector’s response to a GW and its sensitivity.
The last section is dedicated to different examples. In particular we work out the strain

sensitivities for 1[m| radius bulk and hollow spheres, with 6 or 12 transducers.

II. DESCRIPTION OF SPHERICAL RESONANT GW DETECTORS

A. The modes of a sphere

The vibrational motion of a rigid body can be split into eigen-modes. For a sphere there
are two families of modes: the toroidal ones and the spheroidal ones [9]. Each mode can
be described as a forced damped harmonic oscillator, which means that the j-th mode [1§]

amplitude z; satisfies in Fourier space the equation

ms (w;j Wy z%) 5(w) = Fi(w) (1)
87.7

where my is the sphere’s mass, w, ; is the j-th mode eigen-frequency, @), ; its quality factor
and Fj(w) the Fourier component of the forcing. The forcing of the mode is due to a
stochastic (Langevin) force and to external forces. The stochastic force corresponds to the
thermal excitation of the sphere mode. Among the external forces we retain only the tidal

forces induced by GW and forces due to the coupling of the mode with the transducers.

B. Transducer

To give a clear presentation of the noises and the sensitivity we need a full model for

the transducer. We use capacitive transducers, see figure [l based on the miniGRAIL one

],composed by one resonator coupled to a de-SQUID with input transformer, where the
!

On a mathematical footing each transducer (a mechanical resonator with its read-out)

SQUID is described as a linear current amplifier

will be modeled by a set of p = 3 coupled differential equations, driven by the specific

intrinsic noises and its coupling to the sphere. In Fourier space each transducer and each
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FIG. 1: The transducer model. We show only the variables we use.

read-out are described by the equation set

my (wf —w?+ z%) —iE/w 0 q f
E r+i(wL, — (w—lct)) —iMw L=V (2)
0 —iMw iw(Ls + LZ) j@ ‘N/n

where my, wy, QQ; are the resonators mass, eigen-frequency and quality factor, E is the electric
field in the capacitor C; formed with the resonator, r the transformers resistance, L;, L,, L
the inductances of the SQUID input coil, primary and secondary of the transformer, and M
the mutual inductance of the transformer; see figure [l ¢ is the transducers position [12],
fp, I, are the currents into the transformer and the SQUID, and I; is the measured quantity.
Finally, V, and V,, are the voltages corresponding to the intrinsic noise and f is the sum
of the thermal force and the coupling to the sphere’s modes. When we use more than one

transducer an index is added to all this quantities.

C. Coupling transducers to the modes of the sphere

It is important to note that generally a transducer is coupled with a subset of the
five sphere modes and therefore the presence of transducers provides an indirect coupling
between the different modes. Reciprocally, different transducers are coupled through the
sphere’s modes. Therefore, the total noise spectrum of a given transducer has a contribution

from the intrinsic noises of the other transducers.

We call 0., ¢, the location of the k-th transducer. At this point of the sphere’s surface,

the j = {n,l,m}-th spheroidal mode induces a radial displacement
O‘nl(Rs)Yim(elw (bk) = aijk (3)
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where a; = ay,(R;) is the radial eigen-function evaluated at the sphere’s surface, and Y},
is a spherical harmonic. This equation defines the pattern matrix Bj,. Using this matrix
we complete the equation of motion found in B] by adding dissipative terms ]. The

coupling between the sphere’s modes and the transducers is then given (in Fourier space)
by
n [moise Wt | ~ Fnoise
Fy = Fj"rOW 43 By ((wfk + ZQ—t> Mk — f ) (4)
k t,k
fk _ f]?oise +mt,kw2ZBjkaj2j . (5)

J

We obtain a set of (J + pN) coupled equations, with J the number of modes taken into

account and N the number of transducers.

D. Bulk sphere example

As an example, we present in all details a model with only the spheroidal quadrupole
modes of the sphere (J =5, [ = 2), and with N = 6 capacitive transducers placed in the
TIGA configuration E] |. Note that we can write the system of (J + pN) equations in
the same form independently of the number of modes and transducers.

Collecting the equations ([I2BH) and (H) we obtain a description of the entire detector

as
S |Ci| 0 z 1, —aB 0 0 ruoise+GW
C2 61 O ]]-6 0 0 f'noiso
_ | = . (6)
T I, 0 0 g O V,
0 I, 0 0 0 1 v,
A
Z
Z q1
wherez=| : |,q=| : |, and so on for the other variables.
25 s

S is a 5 x 5 diagonal sub-matrix given by the left hand side (LHS) of (@) , Tisa3-6x3-6
sub-matrix with structure given by the LHS of (B) (each number in () is now a 6 x 6 diagonal
matrix). The matrices C; and Cy are 5 x 6 (resp. 6 x 5) sub-matrix read out of (@H) [20]

which describe the mechanical coupling between the spheroidal modes and the transducer



modes and are given by

C, = —aBDiag <mt,k(wf,€ +z‘wwt’k)> (7)
’ Qi k

C, = —aw’Diag(m;;)B” . (8)

III. DETECTOR NOISE DESCRIPTION

Starting from equation (), knowing the forces and the voltage acting on the detector
allows us to compute the sphere’s modes z, the displacement q of the transducer, and the

currents I, and I,. To do that we invert the Z matrix and rewrite (@) as

7 Fnoise—i—GW

61 f‘noise

. Z'A - (9)
4 G T

Mode amplitudes, transducer displacement and transformer currents are not directly mea-
sured and we are interested only in the N last lines of G, giving the proportionality coeffi-
cients between forces (and voltages) and SQUID input currents I;.

We now work out the different noises contributions.

A. Noise description

We restrict ourself to the case where the disturbances Fos¢, fnois¢ and V, are only due
to thermal excitations. In this case we can only access statistical property of these forces

that is:

(F(t)) =0 V() =0, (10)
(F(F(t)) = Aod(t — 1)) (V(OV () = Ago(t = 1) . (11)

Furthermore one can compute B] that the coefficient Ay takes the form
Ay =2kgTm/Q Af = 2kpTr . (12)

where kg is the Boltzmann constant, 7" is the thermodynamic temperature of the detector,

and 7 the transformer resistance.



Using the definition of the sile-sided spectral density of the force which is obtained through

the autocorrelation

1 [dw it
(FOFE) =5 [ 5=Se(w)e™=) (13)
we obtain

kT
SF,j - 4msQi (14)

5]

kT
Sf7k = 4mt7kQBtk (15)
SVT,k = 4]€BT’/’k (16)

The SQUID has also intrinsic noises which can be split into voltage and current noises.
The determination of these noises require the knowledge of the complete SQUID design.
Therefore, we have to go beyond the description of subsection [IBl In particular we need
the shunt resistance Ry, , used to remove hysteresis, the washer inductance Lgg , and Mgg

the mutual inductance between the SQUID input and the washer, see fig.

Mg,
/\ —
i ( RSh 0 -

FIG. 2: SQUID detail. We show only the variables we use.

The SQUID voltage and current noises are, according to Clarke’s model H]

kgT
SVn,k = 1173 SQ’kuﬂMsQ’k (17)
Rsh,k
Lok )2 kTsq .k
S = 16 : ! 18
Wk <MSQ,k Rsh ke (18)

where T 1, is the SQUID’s effective temperature.



B. Noise matrix

The noise transducer outputs are proportional to the SQUID input current and thus given

by

Fnoiso

f‘noise

L(w) =MGWw)| .- (W) + Iy (w) = G(w)F(w) + Iy (w) (19)

where Iy (w) is the SQUID noise current and

M= (0ns; Oyn Ony 1n) (20)

used in order to conserve only the SQUID input current and we have defined

G/(w) = M;G(w) to simplify the notation.

From this current we can compute the noises matrix S , which is given by
s — T(w)LT (w) = G, FFIG) + G,FI, + I, FIG + I, 1, (21)

The matrix FF' is the correlation matrix of the different forces and voltages (Note that
not all entries have the same units). Assuming that the different forces and voltage are
only due to noises and are not-correlated this reduce to a diagonal matrix containing only
autocorrelation

FF! = Diag (Sg, S¢, Sv,, Sv,) (22)

The same argument leads to the cancellation of the ]?‘ﬂ,v and IwF! terms into 1) and to

set
Iy Ify, = Diag(Sw) (23)

Therefore under the assumption that the different noises are not correlated the noise

matrix () reduces to

S"eise — G, Diag (S¥, S¢, Sv,, Sv, ) G + Diag(Sy) (24)

IV. EFFECT OF A GW

The presence of a GW will manifest itself as a force acting on the sphere modes. We skip

the computation (see [§]) and just note that in Fourier space the force acting on the j-th
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mode is

- 1 -
FEV = —§w2msijshj (25)

where xR, the effective length of the mode, depends only on the multiplet (n) to which
the mode belongs, and ﬁj is the projection of the (spatial part of the) GW tensor [21] on
the j-th mode. Choosing the decomposition of the tensor on real matrix [12] we specify the

form of h as

V3

R sin? 6 0

—% sin 26 sin ¢ sin 6 cos ¢ 2 020 ;
cos sin
%Sin%’cosgb sin 6 sin ¢ < ) <~+> (26)
. ) . —sin2y  cos 2y hy
5 (1 —cos®0)cos2¢  cosfsin2¢
—35 (1 —cos?6) sin2¢ cosf cos2¢

="

I

H

<
N
St D
X +
N~

Il

where 6, ¢ give the arrival direction and v is the polarization angle B]
The presence of a GW in a noise-free detector leads to an output signal given by the

vector of SQUID input current

FGW(u))
0 . - 1 . 7L+
Lig(w) = G/ (w) 0 = G (w)FWY(w) = —§w2msRsxG1(w)Tv <i~z ) (27)
0

where we have assumed that all x; have the same value x and we have defined G 7, the

sub-matrix
1J 1J
. On,s On,s
G =Gy =(0ns Onn Onn 1y)G (28)
On,s On,s
On,s On,s

V. DETECTOR SENSITIVITY

The detector sensitivity is given by the comparison between the output due to the noise
and the one due to a GW. Thus the sensitivity depend on the kind of analysis performed

with the outputs from the N transducers.



A. Single transducer analysis

If we are looking only at the transducer n°k its noise spectral density is given by the

diagonal component of [Z4) and is

j N
Spe = S =3 |G rsonskel*Sre + D |Gurantk e *She

=1 =1
N N

3 |G otk N+ Svie + D |G rron sk +2n+e*Sv, 0 + Sty (29)
=1 =1

and this has to be compared with the spectral density of the k-th SQUID input current due
to the GW. This last quantity is obtained as the square of the equ. (1) and reads
aw _ L o4 90 9 krpém he 2
Sk - 4w msRsX |ZGI TV }NL | (30)
Im

x
If we know the GW arrival direction we can compute each Ty and simulate the detector’s
response. The inverse problem, computing the GW propagation direction, needs high signal
to noise ratio (SNR) ‘D} If we are interested in the detector’s sensitivity we are working
at SNR=1 and therefore have no information on the arrival direction. Furthermore, if we
choose an arbitrary direction we can be in a case where some of the modes are poorly or not
at all coupled to this peculiar GW and consequently we can underestimate the detector’s
sensitivity [23]. As the spectral density is a statistical feature of the signal, it is then natural
to perform an average on the possible arrival directions and over the polarizations.
Averaging S¢" the arrival direction and the polarization and assuming i~z+ =h, hy =0
we find E]
1 5
SEW = Ew4m§R§X2h2 ; G2J+2N+k,£ (31)

The strain sensitivity is given by the comparison S;x = S&" and is

o) = ( s )1/2 = (% (”))m (32)

1, .4,,,2 22,2 5 2
0¥ mz x>0 GJ—|—2N+k,Z Tr(w)

where we have defined the transfer function.

B. Coherent analysis

Rather than looking at each transducer separately we can perform a coherent analysis

taking into account all the NV signal. From [14] we know that the SNR after optimal filtering
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is given by

SNR = /_  o(w)dw/2m (33)
o(w) = I, (w)S ™! (w)Lig(w) (34)

Using the expressions (217]) we derived in the previous section we get

1 S . ) h

o(w) = ~w'mRAH2 (b )T GIS'G Ty [ . (35)
4 — h><

In order to evaluate this expression we face again the problem that Ty is a function of

the arrival direction and of the polarization of the GW. As in the single transducer analysis

it is then convenient to average the expression over the direction and the polarization. This

gives

>
>

b
>

T
*) TIHT, (

X

{

assuming again a non polarized GW hy = h, hy =0 we get for (o)

>
>

X

W\ g7 emsin(@)dode (rdyp (he\ "
P [ () e ()
1

= STR(E) (72 4 72) (36)

(o) (w) = 2—10w4m§R§X2ﬁ2Tr(H) (37)

The strain sensitivity (averaged on the sky and polarization) is then given by solving the

equation () (w) =1 for h(w). We eventually obtain

25

)= w?MgRgsxy/Tr(H)

he(w (38)

VI. SIMULATION RESULTS
A. Filled sphere

With a numerical code, implementing (@), EHI), ), Bd)and [BF), we can compute the
strain sensitivity for a spherical resonant mass with capacitive transducers coupled to a dc-
SQUID with input transformer and resonances frequency of the transducer tuned to the five

quadrupolar modes.
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FIG. 3: Strain sensitivity at the quantum limit for one of the 6 transducers placed into a TIGA configuration
on a 1[m] radius bulk CuAl sphere. The curves are the relative contributions of the different noises: the
thick line is the total sensitivity, the dashed curve is the mechanical thermal noise contribution ([IH), the
dashed-dotted line is the thermal electric noise contribution ([[d), the dotted line the back-action contribution

(@) and the continuous curve the white noise ([IX).

1. Single transducer results

In the case of a single transducer analysis, we obtain N sensitivity curves — one for
each transducer. As an example we considerate a 1[m] radius bulk CuAl sphere with 6
transducers in TIGA configuration. At the quantum limit, the typical strain sensitivity of
one of the transducers is plot in figure Bl Note the presence of horns on the both side of
the resonance. We can understand these horns as the contribution from the noises of the 5
others transducers. This explanation is confirmed by the sensitivity curves obtained for the
same sphere but with a different number of transducers, see figure @l As we increase the
number of transducers we also increase the number of noises sources and the sensitivity of

a single transducer is worse than if the sphere is equipped with a single transducer.
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FIG. 4: Strain sensitivity at the quantum limit for one transducers of a transducer set placed on a 1[m]
radius bulk CuAl sphere. The continuous curve is the sensitivity for a transducer out of a 6 transducer
TIGA configuration, the dashed curves the one for a set of 4 transducers on the 4 first TIGA location the
dashed-dotted curves the one for a set of 2 transducers on the 2 first TIGA location and the dotted curve

is for a single transducer .

2. Coherent analysis results

We now work out the coherent strain sensitivity for the same sphere as in the previous
case. For 6 transducers placed into a TIGA configuration the sensitivity is now free of
horn and is show in figure @ We also plot the sensibility corresponding to the best present
transducer (Nphonon = 50).

In the case of the coherent analysis adding a transducer improve the sensitivity as it is

show in the figure B
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FIG. 5: Strain sensitivity at the quantum limit (left) and for Npponon = 50 (right) for a coherent analysis
of the outputs of 6 transducers placed into a TIGA configuration on a 1[m] radius bulk CuAl sphere. The
curves are the relative contributions of the different noises: the thick line is the total sensitivity, the dashed
curve is the mechanical thermal noise contribution ([AH), the dashed-dotted line is the thermal electric

noise contribution ([IH), the dotted line the back-action contribution () and the continuous curve the white

noise ([IJ).

B. The hollow sphere

All the above treatment has a nice, simple generalization to the case of a hollow sphere

]. While preserving all the feature of a bulk sphere such as omni-directionality, and the
capability to determine the source direction and wave polarization, an hollow sphere has
several interesting peculiar properties. Its quadrupole frequencies are lower than those of an
equally massive solid sphere, thus making the low-frequency range accessible to this antenna
with good sensitivity. Further, as shown in |, for an appropriate ratio between the inner
and outer diameter, the cross section for the second quadrupole mode equals that of the
first, and one has the possibility of working with a detector with the same (high) sensitivity
at two frequencies. One could for example in this way study the radiation emitted by a
binary system, consisting of either neutron stars or black holes, in the inspiral phase and
determines the chirp mass by measuring the time delay between excitations of the first and
second quadrupole modes of an hollow sphere. We have investigated the system response
of an hollow sphere to the classical GW signal. Essentially the only differences with the

bulk sphere are the numerical values of the radial functions «; that we first met in equation

14



10

h [Hz Y2

800 900 1000 1100 1200 1300
frequency [Hz]

FIG. 6: Coherent strain sensitivity at the quantum limit of a transducer set placed on a 1[m] radius bulk
CuAl sphere. The continuous curve is the sensitivity for a 6 transducers TIGA configuration, the dashed
curves the one for a set of 4 transducers on the 4 first TIGA location the dashed-dotted curves the one
for a set of 2 transducers on the 2 first TIGA location and the dotted curve is the sensitivity for a single

transducer . (Note that the dotted curve is the same as in figure H)

@), and the one of the coupling to GW, namely x (see equation (2)). We have also to
recompute the eigen-frequencies. In figure [ we show the coherent strain sensitivity at the
quantum limit for a CuAl sphere with 1/m]| external radius and 0.4[m] internal radius, when
6 transducers in the TIGA configuration are coupled to the first quadrupolar modes.

The total sphere mass is of about 30 tons. The noise contributions are the same considered
for the full sphere. In Fig. [ the sensitivity for the best present transducer is also shown.
Further we calculate the sensitivity of the hollow sphere when two sets of 6 transducers
are placed in the TIGA configuration and coupled respectively with the first and second
quadrupolar modes.

Because the radial displacement of the second mode is maximum at the inner side of the

sphere |, one can enhance the sensitivity by mounting the classical capacitive transducers
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FIG. 7: Coherent strain sensitivity at the quantum limit for a set of 6 transducers placed in a TIGA con-
figuration on a 0.4[m]/1[m] internal/external radius CuAl sphere. The curves are the relative contributions
of the different noises (see figure Bl ). The gray curve is the sensibility corresponding to the best present

transducer (Nphonon = 50).

considered here inside the sphere. However the increase of the experimental complexity of
the detector due to the presence of transducers inside the sphere has to be put into balance
with the sensitivity gain for such a configuration (mostly in the bandwidth which pass from
20 H z for transducers outside to 200 H z for the inside position, see the right panel of Fig. ).
According to present technology, we show the details of the sensitivity computed with the
second set of transducers attached at the outer side of the hollow sphere.

The large total number of transducers and read-out electronics would contribute as well
to the detector complexity. In a following paper we will discuss a possible simpler read-
out scheme, which will reduce the number of SQUID and electronics necessary for each
transducer signal amplification [@].

Fig. Bshows the sensitivity of a hollow sphere equipped with 2 x 6 capacitive transducers

coupled to the first and second quadrupolar modes. The detector is equally sensitive at
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FIG. 8: Left panel: coherent strain sensitivity at the quantum limit for two sets of 6 transducers placed in a
TIGA configuration on a 0.4[m]/1[m] internal/external radius CuAl sphere. Each transducer set is coupled
to the first and second quadrupolar modes, respectively. The curves show the relative contributions of the
different noises: the thick line is the total sensitivity, the dashed curve is the total mechanical thermal noise
contribution ([[AMH), the dashed-dotted line is the thermal electric noise contribution (), the dotted line
the back-action contribution () and the continuous curve the white noise ([[¥). The right panel shows the
sensitivity gain obtained by mounting the second set of transducer inside the sphere (continuous curve) with

respect to the outer transducer configuration (dashed curve).

850 Hz and 2000 Hz and has a total bandwidth of about 200 Hz. With an appropriate
resizing of the sphere, the second quadrupolar modes can be shifted to the frequency region
where existing small spherical detectors are sensitive. This would open the possibility of
coincidence search between several spherical detectors and the DUAL detector E], building

in this way the base for a powerful omni-directional gravitational wave observatory.

C. Effect of the thickness of the hollow sphere

We address now the question of the influence of the thickness of the sphere. For a fixed
external radius a thiner sphere is less massive and therefore less sensitive. There is also a
shift in the resonances to lower frequencies, see figure @ Only the first quadrupolar mode is
considered for simplicity. We remark that for a detector with sensitive resonances as low as

400 H z a active mechanical damping system would probably be required to reduce external
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FIG. 9: Coherent strain sensitivities at the quantum limit for a TIGA configuration on a 1[m] external
radius hollow CuAl sphere for different values of the internal radius a. The dotted curve is for a = 0.8[m]
(ie. a shell of thickness 0.2[m]) the successive curves are for adecreased by step of 0.2[m] until the black

thick line which stand for the filled sphere.

mechanical vibration in this frequency region.

VII. CONCLUDING REMARKS

We have shown how to build models giving the strain sensitivity of a GW spherical
detector and presented different possibilities of a multi-mode spherical resonant detector.
As an example a 1[m] radius CuAl sphere has a peak sensitivity comparable with the first
generation of interferometers but is also able to determine the GW arrival direction.

We discussed the sensitivity of a hollow sphere when both the first and second quadrupolar
mode are monitored. A hollow sphere could have a sensitivity comparable with future large
full spherical detector and a total bandwidth of about 400 Hz in the range of 800 Hz and
2.5kHz.
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We use j to describe collectively all the numbers needed to specify the mode. For spheroidal
modes j={n,l,m}, see [].

The precise location of the transducer just changes the B matrix.

As we have only modes with [ = 2, all the «; are equal. Therefore, we drop the indices.

By a GW tensor we mean the perturbation of the background metric in the TT gauge

Note that if we describe gravitation by general relativity, only spheroidal quadrupolar modes
(I = 2) have non zero h;.

As an illustration in the case of a cylindrical detector. If we choose the GWs arrival direction
parallel to the detector axis, the GW is not seen and no information is given about the detector

sensitivity.
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